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It is well known that the best discrete linear L, approximation converges 1o a
special best Chebyshev approximation as p — oo. In this paper it is shown that the
corresponding result for the case p— 1 is also true. Furthermore, the special best L,
approximation obtained as the fimit is characterized as the unique solution of a
nonlinear programming problem on the set of all L, solutions.

l. INTRODUCTION

For a given m X n matrix 4 (with m > n) and y € [R" the discrete linear
L, approximation problem can be stated as minimizing over "

m
[Ax —yl|7= N\ Jajx — v, |7 (1.1)
gl

where 4’ =(a,,..a,)., a;&€ R" and »’ = (y,....»,). Under the general
assumption rank A4 = n, the above problem has a unique solution x{p) for
I <p < oo. To exclude trivial considerations, we furthermore assume that
&€ {Axix C R

For the two limiting cases p=1 (L, problem) and p = oo (Chebyshev
problem), a vector minimizing (1.1) is in general not unique. In 1963 it was
shown by Descloux [3] that lim, ,, x(p)=x(co) exists, even if the
Chebyshev solution fails to be unique. Morcover, the so-called “strict
Chebyshev solution” x{co) can be characterized in a certain scnsc as the
“best of the best” Chebyshev approximations (see also p. 239 ff. in [9] for an
extensive discussion).

In this paper the corresponding result for p — 1 is derived; the basic idea is
to use appropriate dual formulations of the L, and L, problems.
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Furthermore, the special L, solution lim, ,, x(p) is shown to be the unique
solution of an appropriate nonlinear programming problem on the set of all
L, solutions and thus can be computed numerically.

In the following p— 1 is always used in the sense of p— I4+. 4’ is the
transpose of the matrix 4, and | -||, denotes the L, norm (for 1 <{p < )
defined in (1.1). For reference we state

LEmMA 1.1. (i) x(p) is bounded for 1 < p < w.
(il) Every cluster point of x(p). p— 1, is an L, solution.

Proof. For v € R™ and 1 < p < o0 we have
olle <lvll, <lel. (1.2)

Let r(p)=Ax(p)—y denote the vector of residuals, with
r(oco)=Ax(c0) —y. From (1.2) and the optimality of x(p) we obtain that

[r (oMo < U (P, < (00, < (o0,
for p>1, and thus r(p) is bounded. (i) now follows with
xX(p)=(4'4)"" 4" (r(p) + ).
With an optimal L, solution X we have ||r(p)l|, <[|4X — pi, <[ AX— 2
for p > 1 and therefore lim sup, ,, || 7(p)|, < [|4X — »||,, which implies (ii).

2. DUALITY RELATIONSHIPS

With the new variables r,=ajx —y,, j= l..., m, the original problem of
minimizing (1.1) is transformed into the constrained problem

min |[r{|) st. Ax —r=y. (2.1)

(x.ryemm:m
Using the Lagrangian

Lixrsuy=|rly +u'(dx = r—y) (22)
the primal problem (2.1) may be written as

inf sup L(x, r: u),

(x,ry u
and its dual problem is then given by

sup inf L{x,r;u).
u  (x.,r)
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In the special case of (2.2) we have

inf L(x,ryu)=inf {||r||> —u'r{ +inf (4'u)" x — u'y,

(x,r)

and by elementary calculations we obtain

inf {[{r|lf —u'rf=—(1/g)(1 = 1/g)* "llul3,

where ¢ is related to p via the equation 1/p + 1/g = I and the inf is attained
for

ri=0 =) ul? Tsgnuy),  j=lLeam (2.3)

Thus we have

(inf) Lix,riuy=—(1/g)(1 — 1/q)*" "ful|d—yp'uifd'u=0,
X.r

= 0 otherwise,
and therefore the dual problem can be finally written as

min {(1/g)(1 — 1/q)* " lullf + v'u} st.A'u=0. (2.4)

uelRm

Since, for g > 1, the objective function in (2.4) is strictly convex and tends to
+oo if ||ul|, — oo, problem (2.4) has a unique optimal solution u(g) for every
g> L

From standard duality theory (see Chapter 8 in |6]) and Eq. (2.3) we
obtain the following relationship between x(p) and u(g) for 1 <p < o0:

ly

1y (g)| " " sgn(u,(q))
Ax(p) —y=(1—1/g)" ' : L)
(@) sen(u,,(q))

Similarly, for p =1, (1.1) can be formulated as the linear problem

m
min A t. —r. .y = 1,““ i
(x.ryeRnm == T S J < GX =V, &7 m,

or, equivalently,

fi“f} (0, e,)<)rc ) s.t. <*j :; ) ( : ) < ( Vl) . (2.6)
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where ¢’ = (1,..., 1) and I is the m X m identity matrix. The dual problem is

. , ,)(ul) ; ( A’ —A’)(u]')_( O‘)
(u,,ggmm(’v’ 4 U, S\ JNu,)  \—el’

u
()50, @7
U,
and with ¥ =u, — u, we obtain the simplified form
mipn y'u st. A'u=0,—eu<e. (2.8)

Here the inequality constraints are equivalent to ||ul|,. < I, and u,, u, can be
computed from u by u, = (e + u)/2, u, = (e — u)/2.

3. SoME RESULTS CONCERNING u(g)

In this section we show that lim,, u(q) exists. Let w, > 0 denote the
optimal value of the L, problem. Then the optimal value of problem (2.8} is
equal to —w,; < 0.

LEmMMA 3.1. (i) Every cluster point 4 of u(q), q - oo, satisfies ||}, < 1.
(ii) limqaooy’u(q) =—Ww,.

Proof. (i) Let i be a cluster point of u(q) satisfying ||#|},. > 1. Then, for
a sequence (g,) with lim,, . g, = +oo and lim, , . u(g,) = u, we have

m

Jim {(1/g)(1 = /g™ ™" X @l +3'u(g.) | = +oo.

J=1

which contradicts the fact that the optimal value of problem (2.4) is always
negative.

(i) Multiplying (2.5) by u(g) we obtain
(1= 1/g)* Hlu@ll§ = —v'u(q),

and therefore the optimal value of problem (2.4) is equal to {1 — 1/q) y'u(q).
Since every optimal solution @ of problem (2.8) is feasible for (2.4), we have

(1 —1/q) y'u(q) < (1/q)(1 — 1/q)~ " |Ja||é + y'a
and thus

lim sup y'u(q) <y'a = —w,.
g+
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On the other hand, since every cluster point of u(gq) is feasible for problem
(2.8), we obtain

lim infy'u(q) Z—w,.

g -
Next we consider the following modification of problem (2.4):

min ||| st Alu=0.y"u=—w,. (3.1)

weiim

LEMMA 3.2.  The unique optimal solution of problem (3.1} for g > 1 is
given by

i(q)=u(q)/r(q),  with 2(q)=—r'u(g)/w,.

Proof. The uniqueness follows from the strict convexity of the objective
function. Obviously, i(g) is feasible for problem (3.1), and with u(g) =
7(q) 1i(g) we obtain from (2.5)

¢ 1

()" sen(id,(g))

Ax(p)—y=(1—1/g)" "(x(g)"

[, (g)Y ! sgn(id,,(g))

But this equation implies that the gradient of the objective function of (3.1)
at #(q) is a linear combination of the gradients of the constraints, and thus
i(qg) satisfies the optimality conditions for problem (3.1).

THEOREM 3.3. (i) lim, . u(g) = u(co) exists and is an optimal solution
of problem (2.8).
(i) If J={jllufco)l =1} and ¢;=u (o) for j € J. then the set of all
optimal solutions of (2.8) is given by

fuelR"A'u=0,lull,.< Lu=¢forjeJi
. J J

Proof.  Problem (3.1) consists in finding the point of minimal L, norm on
the linear manifold {u{4'u =0, y'u = —w,}. The results of Descloux [3] then
imply that lim,_  #(g) = #(c0) exists and is equal to the strict Chebyshev
solution of the problem

min [[ull, st Au=0,y"u=—w,. (3.2)
uenm

Lemma 3.1 implies that lim,_  t(¢) = 1. and therefore lim, ., u(q)= u(c0)
exists and is equal to #(o0); furthermore. u(oo) is an optimal solution of
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problem (2.8). Since every optimal solution # of (2.8) satisfies ||Z]|,, = 1, we
have |lu(o0)ll. = 1, and the set of optimal solutions of (2.8) coincides with
that of problem (3.2). The properties of the strict Chebyshev solution then
imply that every optimal solution # of (2.8) satisfies if;=¢; for j € J. The
proof is now completed by applying Lemma A.l to the pair of problems
(2.6). (2.7) and using the connection between (2.7) and (2.8).

4. EXISTENCE AND CHARACTERIZATION OF lim, ,, x(p)

LEMMA 4.1. (i) The set of all optimal solutions of the L, problem is
given by

M, ={x€ER"ajx=y,,j&Ji¢c;a;x>¢;v;,] EJ}

and there is an X € M, such that €;a;Xx > ¢;y; for all j€ J.
(ii) The set M| is bounded.

Proof. (i) follows from Lemma A.l (applied to (2.6) and (2.7)) and
Theorem 3.3(ii).

(i1) For x& M, we have
wi= ) (gajx—¢ )
jed

Since every term in this sum is nonnegative, we obtain
" i ) T 1
VK EAX W, + &V, for j&J,

and therefore max;_,
from rank 4 = n.

Lemma 4.1(i) together with Theorem 6.5 in [10] implies that the relative
interior of M, is given by

|ajx| is bounded on M,. The result then follows

----- m

riM, = {xeMleaix>e¢;y forje i}

From (2.5) it follows that, for sufficiently large g (and therefore for
L<pgp with a p> 1), ¢;ajx(p) —¢;y;> 0 holds for all j&J. Now, by
Lemma 1.1(i1) and Lemma 4.1(ii), there is a ¢, > O such that, for all j € J,

0<eajx  —¢;y,<c forall x&riM,,
and

0 <egajx(p)—e;y,<c forall 1 <p<p.
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By Taylor’s theorem there is a ¢, > 0 such that, for 0 <t ¢, and 1 < p <P,
[P —t—(p=Dilntl<ey(p—1)°
holds.
Therefore, for x € ri M, we obtain

\_ lajx —y,l" = .\_ (e;apx —&;p;)"
Jj jed

= (apx—ep)+(p—1) :_ (e;a;x —¢;3))

jed jed

In(g;ajx —gy)+0((p—1)%), p-1

Here the first sum is equal to w,, and the function

Slx) = \_ (g;ajx —&; ;) In(e;ajx —¢; v;)
ied

may be extended continuously onto M, if ¢ In ¢ is interpreted as O for 1 = 0.

LEmMMA 4.2. fis strictly convex on M, and the problem

min f(x) (4.1)

XEM,

has a unique optimal solution x* €riM,.

Proof. For x&ri M, we have

V)= (gajx—¢ )" aa).
jed
Assume that M, contains more than one point (otherwise the result is trivial)
and let s # 0 be such that a;s = 0 for j & J. Then, since rank 4 = n, there 1s
a jo € J such that a] s # 0. This implies that the restriction of Vf(x) to the
subspace orthogonal to all a;, j & J, is positive definite for all x €ri M, and
thus yields the strict convexity of f.

It remains to show that the minimum of fon M, is not attained on the
relative boundary M \ri M,. But this follows from the fact that, for every
x € M \ri M, and every X € ri M, the directional derivative of f at x in the
direction ¥ — x is equal to —oo.

Now we are ready to prove

THEOREM 4.3. lim, ,, x(p)=x*

Proof. Since, in general, x(p)& M, for p> 1, f is regarded in the
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following as being defined and continuous on {x € R"|¢;ajx >¢;y;, jEJ}.
For j&J we have |u(oo)l <1, and from (2.5) and 1/(g—1)=p—1 it

follows that
lajx(p) =yl = (1= 1/g)* " ug)* ' =O((p—1)*), p— 1.

This yields

lax(p) =yl =X lajx(p) =y, + X (e;a/x(p) —&; )

JeJ jed
= \_ (e;aix(p)—e;v,)+ (p—1)f(x(p))

+0((p—-1%., p-1L
On the other hand,
lx* =yl =2 (ga;x* —&;2) + (p— DS (x¥)

JjE€JS

+0((p—1"), p-L

and therefore

1

Ax(p) = yll5 — | 4x* =yl
= (X e ) o) X+ (p= D)~/ ()

+o((p—1D").  p-L
From A’u(o0) =0 we obtain that

(X 60,) o)== (=X wie)a,) () —x)

Jjed jed

— N ()@ x(p) )

jed
=0((p—1)"). p-1,
and thus

(Ax(p) = yllh = [Ax* = yllp = (p — DS (x(p)) —f(x*))
+0((p— 1)), p— 1.

(4.2)

From the optimality of x(p) it follows that the left-hand side of (4.2} is non-

positive for p > 1.
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Now let X & M, be a cluster point of x(p), p— 1, and (p,) a sequence
with lim, . p,=1 and lim,_ x(p,) =X Then f(X)>/f(x*), and (4.2)
implies that lim, ., f(x(p,)) =f(X) =/ (x*) and therefore X = x*.

5. SOME REMARKS AND EXAMPLES

From Lemma 4.1(i) and Theorem 3.3.(ii) it follows immediately

LEmMMA 5.1. (i) The L, problem has a unique optimal solution if and
only if span {a;|j&J} = 12"
(it)  The dual problem (2.8) has a unique optimal solution if and only if
the set {a;| j & J} is linearly independent.

Let |J| denote the cardinality of the set J. Then we obtain

LEMMA 5.2, Let A satisfy the Haar condition (that is. every n X n
submatrix of A is nonsingular). Then

(1) the L, problem has a unique optimal solution if and only if
|JI<m—n.

(it) the problem (2.8) has a unique optimal solution if and only if |J| >
m—n.

To determine lim, ., x(p) if the optimal L, solution is not unique we have
to solve problem (4.1); since this is essentially a strictly convex minimization
problem under linear equality constraints, it can be solved easily by existing
efficient algorithms. But to be able to formulate problem (4.1) we need u(c0)
or, at least, the set J and the ¢;, j € J. u(co) can be determined by applying
to problem (3.2) an algorithm computing the strict Chebyshev solution (see
[4] or |1]). Alternatively, the set J may be identified by solving the L,
problem for a value of p “sufficiently” close to 1: an algorithm for this
problem is described in |5}.

If A4 satisfies the Haar condition, then Lemma 5.2 shows that. if the
optimal L, solution is not unique, u(c0) is the unique optimal solution of
problem (2.8) and thus can be computed simply by solving this linear
problem.

Finally, two examples are discussed, both having several L, solutions. The
first one appears in |2, p.44]. Here n=2, m=6, and though the Haar
condition is violated, u{oc) = (1, —1. ~1,0, —1. 1)" is unique. The set M, of
all optimal L, solutions can be described by 2x, +4x,=11.1 and
1.77 < x, £ 2.51666.... By eliminating one variable problem (4.1) can be
reduced to a one-dimensional minimization problem. The solution
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x*=(2.08802984, 1.73098508)" differs considerably from the value
reported at the end of |8].
The second example is taken from |7| and has

| 2 6

2 3 9
A = .1':

3 5 14

6 10 24

Again u(o0) = (—1, —1, —1I, 1)’ is unique, and M is defined by the four ine-
qualities

—x,— 2x,2 —6,
—2x,— 3x,2 9,
—3x, — Sx,>2—14,

6x, + 10x, > 24

The two-dimensional problem (4.1) has the optimal solution
x*=(1.18241272. 1.81758728)’,

which again differs from the value computed in |7].

APPENDIX

For the linear programming problem

min ¢'x st ajx< b j=1..,m, (A.1)

xeRn 4

we denote the set of all optimal solutions by M, and assume that M, # &.
Then, with 4’ = (a,....,a,,) and b = (b,,..., b,,)’, the dual problem is given by

min b'u st. A'u=-—c,u>0, (A.2)

ue Rm

with M,, denoting the set of all optimal solutions.

LEMMA A.l. There is a set K < |1,..., m} such that:

(1) Mpy={xER"ajx=>b;,jEK,ajx<b;,jEK},
and there is an X € M, satisfying a; X < b; for all j & K
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(2) My=tueR"A'u=—cuz0:u;=0 forj&Kj,
and there is a i € M), satisfying ;> 0 for all j€ K.
Progf. Define K = {jla;jx=b; for all x€ M, |.

(1) The definition of K implies that, for every j& K, there is an
x" € M, such that ajx”” < b;. Let k denote the cardinality of K, and define

f=m—Fk) "N xV»

(if & =m choose any X &€ M,). Then ¥€ M,, and a;x < b; holds for every
JjEK.

Let C={yER"[y=23 .k u;a;, u; >0} denote the convex cone generated
by the vectors a;, j &€ K. The optimality conditions for ¥ then imply that
—c &€ C. Therefore, the objective function of (A.l) is constant on
{xlajx=b;, j€ K}, and M, is given by the formula in part (1) of the
lemma.

(2) Let u&€ M, be a vector of Lagrange multipliers corresponding to
X; that is.
—C = \_ i;a; with 1, 2 0.
iek

For an arbitrary # € M, let X be an associate optimal solution of (A.l).
Then

m
—e= N ua= N da.
iek Jol
and therefore
N da= N (- ) a;
JENR JER
This gives
N ai(x—X)= N (g;—d)a)(¥-3)=0. (A.3)
ieK JEK

But, for j € K, &; > 0 implies that

aj(Xx —xX)=ajx —a;Xx <b,—a;x=0,

and thus (A.3) cannot be true unless iZ; = 0 holds for all j € K.
Furthermore, —c € ri C. Otherwise there is an s € spaniaq;|j&€ K}, s # 0.

such that ¢'s =0 and a/s <0 for j€ K. But then a;s <0 for at least one
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JE K, and X + os € M, holds for sufficiently small ¢ > 0, in contradiction to
part (1) of the lemma. Now, by Theorem 6.9 in |10]| it follows that

nC=1yeR"y=>\ wa; u;>0forallje K:» .

JeK

and this implies the existence of .

(5]

9.

10.
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